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A simplified method is proposed and studied for deriving the equations of thermodynamics  
through automatic conversion (transformation) of an equation into a se r ies  of other equations 
through a replacement  of var iables  on the basis of appropriate  codes.  

A large major i ty  of the equations of thermodynamics ,  in part icular ,  a large group of differential equa- 
tions, can be formal ly  derived f rom a small  number of basic equations: the f i rs t  and second laws of ther -  
modynamics and equations defining the thermodynamic functions. Rows 1-5 in Table 4 show the basic equa- 
tions, which relate  the basic state functions P, V, T, S, U, I, F, and ff with the p rocess  functions L, Q, 
L T, and QT. 

The basic equations have cer tain formal  proper t ies ,  independent of their physical  meaning; one such 
proper ty  is that when the var iables  in any equation are  replaced by other variables  according to cer tain 
recipes ,  this equation converts  into another basic equation (or into itself). As a formal  property,  this va r i -  
ab le- replacement  proper ty  leads to equations which are  derivable f rom the basic equations, and it can be 
used to abbreviate and simplify the derivation, discussion, and study of a large number  of equations of ther -  
modynamics .  One equation can be converted into several  others through an automatic replacement  of va r i -  
ables.  This conversion of one equation into another is a " transformation,"  and the recipe containing the 
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TABLE 4. Check of the Codes on the Basis  of the Basic Equations 
of Thermodynamics  

Equations . . . . . .  I '  Codes Noi' 
[ 
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the var ious  sets  of var iables  is a "code. ~ It is easy to see f rom Table 4 that co r r ec t  resul ts  follow f rom 
the codes (for the basic functions) in Table 1, where there  is a lso a "zeroth" code, containing a list of the 
var iables  which can be replaced.  In general  there  a re  eight equations, including the original equation, which 
differ significantly in physical  meaning, role,  and range of application. In certain cases ,  the t r ans fo rma-  
tion does not a l ter  the equation, or a t ransformat ion  by means of two or more  codes leads back to the same 
equation. 

Table 1 shows three  sets  of four var iables ,  in each of which sets  the upper var iable  can be specified 
(taking signs into account) in four vers ions ,  since a simultaneous change of the sign in the pair  P, V or in 
the pair  T, S or  in both pa i r s  does not a l ter  the basic equations or those derived f rom them. All vers ions  
a re  equivalent in t e rms  of the resul ts  of the t ransformation,  so it is sufficient to use the sets in Table 1. 
That these other vers ions  are  possible is important  only for a clarif icat ion of the next point. 

By t ransforming  two or more  t imes  success ive ly  with the same code or  different codes, we produce 
a t ransformat ion  according to a new code, which we can t rea t  as the resul t  of "combining" theseo ther  codes.  
Table 2 shows the numbers  of the codes which a re  combinations of two codes: f i rs t  the code whose number 
appears  at the top of this table is used, and then the code whose number  appears  in the left column. We 
see that combinations do not resul t  in any codes other than the eight in Table 1. Although the vers ion of 
the code may be different, this fact  (as was mentioned in the previous paragraph) does not affect the resul ts  
of the t ransformat ion.  The resul t  of combining codes somet imes  depend on the order  of this combination 
(e .g . ,  codes 4 and 5). Successive use of codes 1, 2, 3, 4, or 7 leads to a "zeroth" code (in one of the v e r -  
sions), i . e . ,  conver ts  any equation into itself.  These codes are  symmetr ic ;  i . e . ,  two equations a re  con- 
ver ted  into each other, and some equations, symmet r i c  in s t ructure ,  conver t  into themselves .  

Indices indicating that a given var iable  is held constant during a p rocess  or during a part ia l  differen- 
tiation and p r o c e s s e s  including cycles  can a l s o  be t r ans fo rmed  (without an account of signs). However, 
t r ans fe r  of the role  played by the original  equation to the equation result ing f rom the t ransformat ion may be 
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TABLE 5. Examples of the Transformat ion  of Thermodynamic 
Equations by Means of All the Codes 
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erroneous;  e . g . ,  a Carnot cycle  is t r ans fo rmed  by  code 4 into an i s o c h o r e - i s o b a r  cycle,  but the rote  of 
the Carnot cycle is not t r ans fe r r ed  to the lat ter  cycle.  

On the other hand, t ransformat ion  can bring out new physical  relat ions and new quantities, whose 
physical  meaning and roles  should be studied separately .  Although near ly  all the var iables  and equations 
used here  are  known [1-4], including L'  [5], formal  t ransformat ion  led to the new variable Q' = Q - A(TS), 
which, by analogy with the f ree  energy and f ree  enthalpy [1], can be called the "free heat" and t reated as  
par t  of the heat expended on a change in the f ree  energy (in addition to the energy conver ted into work).  
The role  of this var iable  and its possible applications in calculations should be studied separate ly .  New 
var iables  may appear  during t ransformat ion  of supplementary functions, e . g . ,  the heat  capacity, by means 
of various codes.  

Code 1 is slightly more  important  than the others,  since it can also be used for the equation of state 
of an ideal gas and thus for all equations which follow from the ideal-gas  equation (and f rom the basic equa- 
tions). Table 3 shows for code 1 the method of replacingthe "supplementary" var iables  C, R, n, k. Where 
necessary ,  the table can be fleshed out with thermal  coefficients,  Joule Coefficients, or var iables  cha rac -  
ter iz ing polytropic p roces se s  [6]. 

The equations of state for real  gases  and the equations derived f rom them, equations involving the 
discharge of mater ia l ,  and cer ta in  other equations cannot be t rans formed  by this method. 
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TABLE 6. Examples of the Transformat ion  of Thermodynamic 
Equations by Code 1 (basic and supplementary) 

 q atioos ti No 
Differential equation of thermodynamics 
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Tables 5 and 6 show i l lustrat ive t ransformat ions .  Tables 4 and 5 show the basic notation for the equa- 
tions, which is intended to bring out the essence  of the t ransformat ion.  All the equations which t r ans fo rm 
into each other have the same number but different code numbers,  corresponding to the codes used to ob- 
tain them. The original  equation (which could be any one of the group) is denoted by code 0, and an equation 
obtained by means of two or m o r e  codes is denoted by two or more  code numbers .  In Table 6, which deals 
only with code 1, the code numbers  a r e  not shorn1, since all the equations a re  given in pai rs  by codes 0 and 
1; if both codes lead to the same equation, the lat ter  is symmet r i c  ( ' symm." ) .  

The number of examples could be grea t ly  increased,  since the number  of equations, especial ly differ-  
ential equations, which can be t rea ted  is huge. * Many of these equations have been used for a long time, 

�9 It is  easy to show that the number  of f i r s t - o r d e r  par t ia l  derivat ives which can be formed f rom the eight 
state functions l isted in the text is 8 �9 7 �9 6 = 336; the number  of second-order  part ia l  der ivat ives  with respec t  
to a single var iable  is a lso 336; and the number  of second-order  par t ia l  derivatives with respec t  to two var i -  
ables is 336 �9 0.5 = 168. The total of 840 par t ia l  der ivat ives  leads to a huge number of possible differential 
equations relating f i r s t -  and second-order  part ia l  der ivat ives .  
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but most have not been used at all. This transformation method is proposed in order to abbreviate and 
simplify the derivation of equations, but we must again caution the reader  that this transformation is only 
of a formal nature. For example, the thermal efficiency is t ransformed into the mechanical energy effi- 
ciency by code 4, but it would be a mistake to conclude that the two efftciencies play equivalent roles in 
evaluating thermodynamic cycles [7]. 

Transformation of the equations of thermodynamics offers a shorter  path for their formal derivation 
from the basic equations; because of the particular structure of these basic equations, this transformation 
procedure is peculiar to thermodynamics. 

C is the heat capacity, J/deg; 
F is the free  energy, J; 
I is the enthalpy, J; 
K is the ratio of specific heats; 
L is the work, J; 
L' is the available work, J; 
n is the polytropy index; 
P is the pressure,  N/m2; 
Q is the heat, J; 
Q' is the f ree  heat, J; 
R is the universal gas constant, J/deg; 
S is the entropy, J/deg; 
T is the temperature,  ~ 
U is the internal energy, J; 
V is the volume, m3; 
r 

NOTATION 

is the thermodynamic potential (or free enthalpy), J.  Additive quantities can be attributed to the en- 
t i re  system (in which case they have the dimensionality indicated above), to 1 mole, or to 1 kg of the 
working medium. In the latter case (except for R), they are  usually represented by lower case let- 
te rs  in the l i terature.  

1o 
2. 
3. 
4. 
5. 

6. 

7. 
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